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Abstract 

In this note we classify compact 4-manifolds with harmonic Weyl ten¬ 
sor and nonnegative biorthogonal curvature 

M. S. C. (2000): 53C25, 53C24. Key words: Four-manifold, sectional curva¬ 
ture, biorthogonal curvature, harmonic curvature, harmonic Weyl tensor, Ein¬ 
stein manifold. 


Let (M 4 ,< 7 ) be a Riemannian 4-manifold, s the scalar curvature of this met¬ 
ric g and K its sectional curvature. For each p £ M 4 , let P a 2-plain in the 
tangent space T p M 4 and K ± (P) its orthogonal complement in T p M 4 . The 
biorthogonal (sectional) curvature relative to P (in p £ M 4 ) is the average 


K\P) 


K(P) + K{P - 1 ) 
2 


Then we have the following function in M 4 : 


[ 1 . 1 ] 


Ki{p) = inf {I\ ± (P); P C T p M 4 }, [1.2] 

If (M 4 ,g) be an oriented Riemannian 4-manifold, the Weyl tensor has the 
decomposition W = W + ® W ~, where W ± : A ± —► A 41 are self-adjoint with 
free traces and are called of the self-dual and anti-self-dual parts of W, respec¬ 
tively. Let wf < wf < w± be the eigenvalues of , respectively. 

As was proved in [3] we have the following relation: 


K ± _ _£_ = w t + w i 
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[1.3] 


A Riemannian manifold (M, g) is said to have harmonic curvature if its Levi- 
Civita connection V in the tangent bundle TM satisfies d*R = 0, where R is 
the curvature tensor of (M, g) and d is the operator of exterior differentiation. 
If M is compact, this just means that V is a critical point for the Yang-Milles 
functional 7M(V) = \ f M \ R | 2 , where R is the curvature of connection V. 
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Einstein metrics has harmonic curvature and metrics with harmonic curvature 
has constant scalar curvature . 

Let (. M A ,g ) be an oriented Riemannian 4-manifold with self-dual Weyl tensor 
IV + and anti-self-dual Weyl tensor IV - . Viewing IV ± as a tensor of type (0,4), 
we say that W + (TV - ) is harmonic if 5W + = 0 (6W + = 0, respec.), where 6 is 
the formal divergence defined for any tensor T of type (0,4) by 

5T(X 1 ,X 2 ,X 3 ) = -trace g {(Y, Z) ^ V Y T(Z,X 1 ,X 2 ,X 3 )}, 

where g is the metric of M. (. M,g ) has harmonic Weyl tensor IV if are 
harmonics. Einstein metrics and metrics with harmonic curvature are analytical 
metrics and has harmonic tensor Weyl. 

A Riemannian manifold ( M, g) is said to have harmonic curvature if its Levi- 
Civita connection V in the tangent bundle TM satisfies d*R = 0, where R is 
the curvature tensor of ( M, g) and d is the operator of exterior differentiation. 
If M is compact, this just means that V is a critical point for the Yang-Milles 
functional VM(V) = | f M \ R | 2 , where R is the curvature of connection V. 
Notice that Einstein metrics has harmonic curvature and metrics with harmonic 
curvature has constant scalar curvature. Let (M 4 , g) be an oriented Riemannian 
4-manifold with self-dual Weyl tensor IV + and anti-self-dual Weyl tensor IV - . 
Viewing W ± as a tensor of type (0,4), we say that IV + (IV - ) is harmonic if 
SW + = 0 {5W + = 0, respec.), where S is the formal divergence defined for any 
tensor T of type (0,4) by 

5T(Xi,X 2 ,X 3 ) = -trace g {(Y,Z) ^ X Y T{Z,X i,X 2 ,X 3 )}, 

where g is the metric of M. (M 4 ,g) has harmonic Weyl tensor IV if IV ± are 
harmonics. Einstein metrics and metrics with harmonic curvature are analyt¬ 
ical metrics and has harmonic tensor Weyl. In [1], R. Bettiol obtained the 
topological classification of compact simply connected 4-manifolds with positive 
biorthogonal and compacts 4-manifolds with harmonic Weyl tensor and positive 
biortoghonal was studied in [3] end [5]. In this note we prove the following 

Theorem 1.1-Let ( M 4 ,g) he a compact oriented Riemannian 4-manifold with 
harmonic Weyl tensor, analytical metric and nonnegative biorthogonal curva¬ 
ture. Then ( M 4 ,g) is an Einstein manifold with nonnegative sectional curva¬ 
ture, ( M 4 ,g) is conformally flat or the universal covering of(M 4 ,g) is diffeo- 
morphic to § 2 x § 2 and g is a product of metrics with nonnegative sectional 
curvature. 


Proof 

By the proof of Theorem 6 in [3], we have 

| IV+ | + | IV - |< v^s/G - 2 K^) < s/V6, 

where s is the scalar curvature of ( M 4 ,g). 

Let A = {p £ M 4 -Ric(p) ^ s{p)/ 4} and B={p£ M 4 ; | IV + | = | IV - |}. 
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Note that A C B. If A is empty then (. M A ,g ) is an Einstein manifold. 
Otherwise we deduce that B = M 4 and using the Weitzenbock formula for , 
is easy see that W ± = 0 or | W + | 2 =| W~ \ 2 = s 2 /24, u>i± = wf and so ( M A ,g ) 
has nonnegative isotropic curvature. In this case we can uses the theorem B in 

[2] (see also Prop. 3 in [4]) 


References 

[1] Bettiol, R. G. Four-dimensionalcompact manifold with positive biorthogonal 
curvature. arxiv:150202270vl [math DG] 8 Feb 2015 

[2] Cao, J. Certain 4~Tnanifolds with nonnegative sectional curvature. Frontiers 
of Math, in China 3(4)(2008) 475-494 

[3] Costa, E. and Ribeiro, E. Four-dimensional compact manifold with nonneg¬ 
ative sectional curvature Michigan Math. J. 63 (2014) 747-761 

[4] Derdzinski, A. Self-dual Kahler manifolds and Eisntein manifolds of dimen¬ 
sion four Compositio Math. 49, 3(1983) 405-433 

[5] Ribeiro, E. Rigidity of four- dimensional compact manifolds with harmonic 
Weyl tensor. Oct 2014 arxiv:1410398vl [math. DG] 13 


3 



